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Abstract

We analyse preference inference, through consis-
tency, for general preference languages based on
lexicographic models. We identify a property,
which we call strong compositionality, that applies
for many natural kinds of preference statement, and
that allows a greedy algorithm for determining con-
sistency of a set of preference statements. We also
consider different natural definitions of optimality,
and their relations to each other, for general pref-
erence languages based on lexicographic models.
Based on our framework, we show that testing con-
sistency, and thus inference, is polynomial for a
specific preference language E;qT, which allows
strict and non-strict statements, comparisons be-
tween outcomes and between partial tuples, both
ceteris paribus and strong statements, and their
combination. Computing different kinds of optimal
sets is also shown to be polynomial; this is backed
up by our experimental results.

1 Introduction

Preferences are considered in many different fields such
as recommender systems and human-computer interac-
tion [Chen and Pu, 2007; Trabelsi et al, 2013],
databases [Agrawal and Wimmers, 2000; KieBling, 2002] and
multi-objective decision making and social choice [Arrow
and Raynaud, 1986; Lang, 2002; Sandholm and Boutilier,
2006]. They are used to, e.g., find optimal decisions, solu-
tions or items that satisfy the wishes or needs of a user or
a group. In order to reason with preferences, typically as-
sumptions are made on the form of the relation used to model
the user preferences. In this paper we restrict our consider-
ations to lexicographic models, and we consider preference
inference, which involves reasoning about the the whole set
of preference models that are consistent with the input prefer-
ences, as in [Kohli and Jedidi, 2007; Wilson, 2014]; this con-
trasts with work that focuses on learning one lexicographic
model that fits best with the given preferences [Booth et al.,
2010; Brauning and Hiillermeier, 2012; Dombi et al., 2007;
Yaman et al., 2010].

Preference inference aims to overcome gaps of knowledge
in the user preferences by analysing the given preferences

and deciding whether another preference statement can be de-
duced. Since in this paper we allow negations of statements,
preference inference can be reduced to testing consistency of
a set of preference statements. We define a property, strong
compositionality, that is satisfied by many natural types of
preference statements and enables a simple greedy algorithm
for testing consistency.

Fast computation is essential in many applications; we give
a concrete instance L;qT of a preference language that allows
polynomial computation. This can represent a relatively ex-
pressive form of preference input. It can express preferences
between a pair of complete assignments to a set of variables,
and, more generally, between partial assignments to just a
subset of the variables, allowing ceferis paribus assumptions
or stronger implications on the values of other variables. We
also allow non-strict statements, two forms of strict prefer-
ence statements and can represent certain negated statements.

Previous work on preference inference based on standard
lexicographic models have considered more restricted prefer-
ence languages. Wilson [2014] considered only non-negated
non-strict statements, which can only express that one assign-
ment is at least as good as another (or equivalent). Kohli
and Jedidi [2007] considers only non-negated strict state-
ments, which can only express that one complete assignment
is strictly better than another. In [Wilson et al., 2015al, pref-
erence statements are comparisons of complete assignments,
and fixed value orders for the variables are given.

Other work on preference inference includes that based on
weighted sum models [Wilson ef al., 2015b; Montazery and
Wilson, 2016], on hierarchical models [Wilson et al., 2015al,
conditional lexicographic models [Wilson, 2009]; Pareto or-
ders [George and Wilson, 20161, and on general strict total
orders, as in e.g., work on conditional preference structures
such as [Boutilier et al., 2004]. While lexicographic models
prevent tradeoffs between variables, they usually allow better
complexity results for general preference languages.

Given a set of preference inputs and a set of alternatives,
there are several natural notions of optimal set; for instance
being undominated with respect to the induced preference re-
lation; or being possibly optimal, i.e., optimal in at least one
model. We establish relationships between the different no-
tions of optimality. For preference language £/ o 7> We anal-
yse the running times and set relations theoretically and ex-
perimentally, illustrating the efficiency of the algorithms.



The paper is organised as follows: Section 2 gives ba-
sic definitions. The concepts of inference, consistency and
strongly compositional statements are investigated in Sec-
tion 3. Section 4 introduces languages Ly,4r and £}, and
an algorithm to decide consistency in this context. In Sec-
tion 5, different notions of optimality are compared for gen-
eral preference languages. The efficiency of computing these
for L/ o7 18 analysed theoretically and experimentally in Sec-
tion 6. The last section concludes.

2 Lex Models, Composition and Extension

In this section, we give some basic definitions; in particular,
we define lexicographic models, along with a natural compo-
sition operation and extension relation, that are important in
our approach. A lexicographic model has an associated or-
dering of (some of the) variables, along with value orderings
for each such variable. This generates a (lexicographic) or-
dering relation, by first comparing outcomes « and /3 on the
first (i.e., most important) variable Y’; only if a(Y) = 8(Y)
is the next most important variable considered.

Throughout the paper we consider a fixed set V' of n vari-
ables, where for each X € V, D(X) is the set of pos-
sible values of X. For subset of variables A C V let
A = [[xca D(X) be the set of possible assignments to A.
For X € V, we abbreviate { X } to X (which is essentially

D(X)). An outcome is an element of V, i.e., an assign-
ment to all the variables. For outcome a and subset U of
V, we define «(U) to be the tuple in U generated by pro-
jecting (i.e., restricting) o to U. These definitions describe
a decision scenario over a set of alternatives given by dif-
ferent features. Consider for example the choice between
different flight connections. A set of variables to describe
the flight connections could be V' = {airline, time, class}.
The variable domains are then given by D(airline) =
airline = {KLM,LAN}, D(time) = {day, night} and
D(class) = {economy, business}. Then projection of the
outcome « = (KLM, day, economy) to the variables U =
{airline, class} is given by a(U) = (KLM, economy).
Define G to be the set of lexicographic models (over the
set of variables V'); a lexicographic model or lex model, T
(over V), is defined to be a (possibly empty) sequence of the
form (Y1,>v,),..., (Y&, >y, ), where Y; (i = 1,... k) are
different variables in V', and each >y, is a total order on Y.
The associated relation 3=, C V x V is defined as follows: for
outcomes « and 3, a =, (3 if and only if either (i) for all i =
1,...,k, a(Y;) = B(Y;); or (ii) there exists ¢ € {1,...,k}
such that for all j < 4, a(Y;) = B(Y;) and a(Y;) >v, S(Y5)
(e, a(Y;) >y, B(Y:) and a(Y;) # B(Y:)). Thus =, is a
total pre-order on V/, which is a total order if k = n = |V|.
The corresponding strict relation >, is given by o >, 8
if and only if there exists ¢ € {1, ..., k} such that a(Y;) >y,
B(Y;) and for all j < i, a(Y;) = (Y;). The corresponding
equivalence relation =, is given by o =, 3 if and only if for
alli = 1,...,k, a(Y;) = B(Y;). Thus, a =, S if and only
if a(Vy) = B(Vz), where V; = {Y1,...,Y,} is set of the
variables involved in 7. Consider lexicographic models 7 =
(airline, KLM > LAN), (time,day > night) and ©’ =
(class, economy > business), (time, night > day) for the

previous example of flight connections. In 7 the choice of air-
line decides which connection is preferred; only if these are
the same, is the flight time considered. 7’ first compares the
classes; only if these are the same, are the flight times con-
sidered. For outcomes o = (KLM, day, economy), B =
(KLM, night, business) and v = (LAN, day, economy)
wehave a =, B = yand a =, v =

Composition of lexicographic models: We define an im-
portant composition operation on lex models, which can be
shown to be associative. Let 7 = (Y1,>vy), .-+, (Y, >vi)s
and @’ = (Z1,>2,),...,(Z;,>z,) be two lexicographic
models. Let 7" be the sequence 7’ but where pairs (Z;, >z, )
are omitted if Z; € V. Define lex model m o 7’ to be =
followed by 7. Note that Vorr = Vi U V.

Lemma 1. o is an associative operation on G.

Proof. For m,7’ € G, we say that w and 7 are disjoint if
V.. NV, = (). For set of variables U C V, define 7+~ to
be 7 with all pairs of the form (X, >x) omitted, when X €
UNV,. Forany 7, 7’ € G, we have that ror’ = mo (/)= Vr,
by definition.

Consider any 71, m2, 73 € G. For j = 1,2, 3, let V; equal
Vr,. Then, (71 o m3) o w3 = (71 o my) o w5, where 75 =
(m2)¥~"1 and 7§ = (m3)+~"1V12,

Associativity clearly holds for pairwise disjoint lexico-
graphic models, so (7, o w}) o 4 = 71 o (7} o 7w5). Now,
7 o (mg o m3) equals m o (my o m3)¥~V1, so, to prove
associativity of o it is sufficient to prove that (2 o m3)¥ "1
equals 7, o 7. We have that (mp o w3)¥~"* equals
(g o (m3)+~V2)¥=V1, which equals 75~ "* o ¥~ V*UV2 e,
74 o w4, completing the proof. o

Definition 1. For lex models ™ and 7' in G we say that 7'
extends 7 if ' # 7 and the sequence 7' begins with m. We
then write @ 1 m, and write 7' J 7 to mean that 7' extends
or equals 7. This holds if and only if there exists a lex model
" such that 7’ = won".

Lemma 2. For m,7' € G, we have ' 3 = if and only if
rTom =’

Proof. Suppose that 7’ extends or equals 7, and write 7’ as
mon” where V;» NV, = . Then, monr’ = wo(mon’) which
equals mon” = 7/, Conversely, suppose that mon’ = 7', Let
k = |V,| and let 7" be the lexicographic model consisting of
the first k pairs of ’. This equals the first k pairs of 7 o 7/,
i.e., m, and thus, 7’ extends or equals . o

The composition of the two previously defined lex mod-
elsis m o w' = (airline, KLM > LAN), (time,day >
night), (class, economy > business) and w o 7w’ J .

We have the following basic monotonicity property.

Lemma 3. Form,n’ € G, suppose that ' extends 7. If & = s
B then o =, B. Also, if « =, [ then a . (.

Proof. If a >, [ then « and § differ on some variable in
m, and « is better than /3 on the first such variable; thus the
same holds for 7/, since 7’ extends 7, and so « >+ 3 holds.
Similarly, if 8 >, o then 8 >/ «, which, using the fact that



> and >, are both weak orders, is equivalent to: if a %,
then o £ (8, which thus implies: if a =,/ Sthen« =, 8. O

The result below is a key property of composition, which
will be important later.

Lemma 4. Let 7,7’ € G. If a =, B and o =, [ then
Q =port B If a = Band o =50 B then « > ron B and
Q rion B. Suppose now that o =, . Then o =1 <
A =pont By and o =1 B <= A = pon’ B.

Proof. Since 7’ o 7 extends 7', we have, by Lemma 3, that
(1) a = B implies a /o 8. Similarly, (ii) if & >, 3 then
a >qon B, and thus also « =,0. 5. We also have (iii) if
a =, fand a =, B then a = or B. This is because v and
3 differ on some variable in 7 o 7/, and the first such variable
pair (X, >) appears in 7’; and X is the earliest variable in 7’
that « and 8 differ on, so « >+ 3 implies that a(X) > B(X)
and thus, o > o 3.

Suppose that « =, § and « > 5. Then, by (i), @ >r/0x
8. If a =, B then a =,0r B, by (ii). So, we only need to
deal with the case where o =, . Then o > o [ follows
by (iii).

Suppose that « 3=, Sand o 3=/ B. If @ =, Bora = 3
then, by the above arguments, we have o >,/ [3, and thus
also & =qon B. So, it just remains to deal with the case
where o =, 8 and @ =,/ 8. But then a(V;) = B(V;) and
a(Vz) = (Vi) and so, because Vior = Vi U Vi, we
have a(Vior') = B(Vron’), Proving & = or+ S and hence
O Fron! ﬂ

Assume now that o« =, 3, so that o =, 8 and 8 =, «.
By the earlier parts we have a >, 8 = a =ror [; and
a =5 B = a =pon [. Since f =, a, we also have if
a Yo Byie., B =x a,then 8 =, or a,ie., & #ron B.
Similarly we have « /» 8 implying & ¥ ror S. o

3 Lexicographic Inference and Strongly
Compositional Preference Statements

In this section we define lexicographic inference, which can
also be expressed in terms of (lexicographic) consistency. We
define a notion of strong compositionality, and show that this
property enables a greedy algorithm for checking consistency,
and hence for preference inference. More specifically, a pref-
erence statement ¢ is strongly compositional if the composi-
tion of two lex models satisfies ¢ whenever the second and
some extension of the first satisfy .

Throughout this section, we assume some language £, and
satisfaction relation = C G x L. Here, the language L is a set
of preference statements and the relation |= describes when
a lex model satisfies a statement. For example, we can con-
sider the simple language £° = {a > B | o, 3 € V} with
the satisfaction relation 7 = « > 8 < « %=, [ as described
in the previous section. We extend the satisfaction relation to
subsets " of £ in the usual way: for ' C L, define 7 = T
< 7 | ¢pforeach p € T. If 7 |= T then we say that
7 satisfies I', or 7 is a [lexicographic] model of T' (and sim-
ilarly, for a single preference statement ). We say that I' is
consistent, if there exists some 7 € G satisfying ['; otherwise,

I' is inconsistent. We will sometimes use negations of pref-
erence statements: when necessary we can always extend the
language £ and the relation |=, by defining 7 = —p <=

7 & o, when p € L.

A key problem is to determine if a set I' C L of preference
statements is consistent. We will derive methods for deter-
mining this in Section 3.3.

Some Basic Preference Statements

For outcomes o, 8 € V, we can define preference statements
a > fand o > B, where we define 7 | a > f <~
o =r Byand T E a > f < «a >, . We also define
preference statement « = S, withm F a = <— a =, 5,
whichisifandonly if r F o > Sand 7 = 8 > «.

We have that 7 | a > < w1 £ 8 > «, ie,
™ = (8 > a). Soa > fand ~(8 > «) are equivalent
preference statements, in that they are satisfied by exactly the
same set of lex models. Similarly, « > § and —(8 > «) are
equivalent preference statements.

Consider the example of lex models 7, 7' and outcomes
a, (3,7 as before. Then 7 |= o > [ and thus 7 (= S5 > a.
Also, ™ Ea=v,ie, 7 Ea>yand7n Ev > a.

3.1 Lexicographic Inference

We define the lexicographic inference relation I' |= ¢ <=
7 | @ forall m € G such that = = I. For instance, we have,
fooI' C Landa,f €V, T Ea > < « =, 0 holds
for all ¥ € G such that 7 = T'. Similarly, T EF a > 8 <~
a >, B holds for all € G such that 7 =T

Lexicographic inference can be reduced to checking con-
sistency, since we have I' = ¢ <= T U {-¢p} is in-
consistent; and I' = —¢ <= T U {} is inconsistent.
Thus,I' = o > f <= T'U{B > a} is inconsistent; and
I'=a>p < T'U{B > «a} is inconsistent.

Consider flight connections as before. Let I' be the set of
statements {a > (3, 8 > ~} with a, 3, 7y defined as in the pre-
vious section. Then the lex model 7 satisfies T', 7 |= T, and
thus I' is consistent. In fact, the only preference models that
satisfy I" are: m = (airline, KLM > LAN), (time, day >
night), @' = (airline, KLM > LAN), (class, economy >
business), and any extension of either of these two models.
Thus for § = (LAN, night, business), I' = v > 6.

The Induced Relation =* and Maximal Models

From the relation = we also define the derived relation =*
as follows, where m € G and ¢ € L: m =* ¢ if and only if
there exists 7’ € G either extending or equalling 7 such that
7' = . Thus, 7 =* ¢ holds either if 7 satisfies ¢ or some
extension of 7 satisfies . We extend the relation to sets of
statements in the usual way: for I' C £, define 7 =* T if and
only if 7 =" ¢ holds for every ¢ € T'. The following lemma
follows easily from the definitions.

Lemma 5. Let 7,7’ € GandT C L.

(i) tEl=nE=*T.

(ii) Suppose that v’ extends w. Then ' |=*T' = w E=* T
Proof. (i) follows immediately from the definition of |=*.

Regarding (ii), 7/ |=* ¢ implies that there exists 7'/ with
7" J 7' and " |= . Then, 7" 1 7, and thus, 7 E=* ¢. The



result then follows. o

Definition 2. We say that m € G is a maximal model of T if
7 =T and for all lex models 7' extending m we have ' = T.

Clearly, for 7 € G such that # |= T, either 7 is a maximal
model of I" or there exists a maximal model of I" that extends
7. Thus, if I is consistent there exists a maximal model of T".
Analogously, we define a maximal =*-model of T' to be an
element 7 € G such that (i) 7 =* T and (ii) there does not
exist 7’ extending 7w with 7’ =* T

Consider preference statements I relating to flight connec-
tions «, 3,7 as before. The lex model (airline, KLM >
LAN) satisfies (airline, KLM > LAN) * T.
The model (airline, KLM > LAN), (time,day >
night), (class, business > economy) is a maximal model

of I (and a maximal =*-model of I).

3.2 Compositional and Strongly Compositional
Preference Statements

We formulate a pair of properties of preference statements
that have strong implications regarding lexicographic infer-
ence and optimality.

Definition 3 ((Strongly) Compositional). Let p € L. We say
that o is compositional if for all m, ' € G,

7w | pand 7' |= @ implies T o’ |= .

We say that o is strongly compositional if for all w, 7’ € G,
m E* ¢ and ' |= @ implies m o ' |= .

ForT' C L, we define I to be compositional if every element

of T is compositional. Similarly, we say that I is strongly
compositional if every element of I is strongly compositional.

Note that if ¢ € L is inconsistent (i.e., there exists no ™ € G
with 7 |= ) then ¢ is trivially (strongly) compositional.

Instances of Strongly Compositional Statements

Although being strongly compositional might appear to be
quite a restrictive assumption, it turns out that it is satisfied by
many natural preference statements, as illustrated by the next
proposition. First, we give a lemma which, roughly speaking,
states that the property of being [strongly] compositional is
closed under conjunction.

Lemma 6. Let I C L and let ip € L. Suppose that 1 is such
thatforallw € G, w E v <= 7 = T. IfT is compositional
then 1 is compositional. If T is strongly compositional then i)
is strongly compositional and, for all mw € G, [7 E* 1) <—
m E* T and T is consistent].

Proof. Suppose that I' is compositional. Consider any
m, 7 € G with m, 7" | . Then, 7,7’ | T, which, since
T is compositional, implies w o7’ |= T, and thus, T o7’ = 9,
showing that 1 is compositional.

Now assume, for the remainder of the proof of this result,
that T" is strongly compositional. First suppose also that 7 |=*
1. Then there exists 7 such that 7/ J 7 and 7 |= ¢, which
implies that 1 is consistent, and so I is consistent. Also, for
all € T we have 7 = ¢ and hence, 7 E* ¢. We have
shown that 7 =* T

For the converse, we assume that 7 =* T and T is consis-
tent. Consistency of I" implies that there exists 7 € G such
that 7’ = T". Since I is strongly compositional, 7 o 7’ |= T,
and so, 7 o ' = 1 which implies that 7 |=* ), because
mon .

We will finally show that ¢ is strongly compositional.
Consider any 7,7’ € G with 7 =* ¢ and 7' = ¢. We
have, by the earlier part, that # =* T', and also 7/ = T. T
being strongly compositional implies 7 o 7’ = I' and thus,
mox | 1, proving that ¢ is strongly compositional. O

Proposition 1. For any outcomes, o, f € V, statements o >
B and o > [ are strongly compositional, and, for 7 € G,
TE*a>p = tEa>p Also, ifa# B, 7 E a>p
= tEa>4.

In addition, given R CV x V, let <p% be some statement
satisfying: © = @™ if and only if =2 R. Then @™ is
strongly compositional, and, for any 7 € G, we have 7 =*
oM = 1™
Here, the second half of Proposition 1 follows from the first
using Lemma 6. Further important examples of strongly com-
positional statements will be discussed in Section 4.

A Characterisation of Consistency for Strongly
Compositional I
The definitions immediately imply the following.

Lemma?7. LetT' C L, and let 1,7’ € G.
o [fT is strongly compositional then it is compositional.

o If T is compositional then 7 = T and 7' |= T imply
mon ET.

o IfT is strongly compositional then 7 |* T and 7' =T
imply mon’ =T.
The last point implies that, for strongly compositional and
consistent I, if 7 =" T then there exists a model of I either
equalling or extending 7. In fact we have:

Lemma 8. Suppose that T is strongly compositional, and let
7 be an element of G. Then [there exists 7' € Gwith ' J 7
and ' |=T] if and only if [T is consistent and = |=* T'].

Proof. =: First assume that there exists 7’ € G with«’ J 7
and 7' |= T'. Clearly, T is consistent. Consider any ¢ € T.
We have 7’ |= ¢, which implies 7 =* ¢. Therefore, 7 =" T'.

<: Assume that I' is consistent and 7 =* I". Then there
exists 7' € G with 7’ |= T'. Since T is strongly composi-
tional, 7 o ' =T, by Lemma 7, and we have 7 o 7/ J 7. ©

Suppose that 7’ satisfies strongly compositional I" and that 7
is a maximal =*-model of I'. Since we have 7 o 7’ |=* T’
(because we have w o ' = T') and w o ©/ I , then the
maximality of 7 implies that 7 = wo7’, and thus, 7 = T'. We
also have that V; O V,,. This implies the following theorem
and corollary:

Theorem 1. If I is consistent and strongly compositional
then every maximal |=*-model of T" satisfies I'. Also, if ®
and 7' are two maximal =*-models of T then V; = V1.

Corollary 1. Let 7 be any maximal |=*-model of strongly
compositional T. Then T is consistent if and only if 7 =T



3.3 Checking Consistency of a Set of Strongly
Compositional Preferences

Corollary 1 shows that we can test consistency of strongly
compositional T', by finding any maximal =*-model 7 of it,
and checking if 7 satisfies I'. In this section we show how a
maximal =*-model of I" can be constructed iteratively, start-
ing from the empty model {}. We first check if {} =* T". The
following lemma shows that this is equivalent to I" being =*-
consistent, which is a very weak property, i.e., it just requires
that each element of I is (individually) consistent.

Lemma9. Let T' C L. T is E*-consistent (i.e., there exists
some 7 € G withw |=*T') if and only if, for each ¢ € T, @ is
consistent. This also holds if and only if {} E* T.

Proof. =: Suppose that I is |=*-consistent, and that 7 =* T".
Then, for any ¢ € T there exists some 7/ € G with 7/ J 7
and 7’ |= ¢, which implies that ¢ is consistent.

«: Consider any ¢ € I'. Since ¢ is consistent, there exists
some 7 € G with 7 |= ¢, which entails that {} =* ¢, where
{} is the empty lexicographic order. Then {} E* T', so I is
=*-consistent. o

We say that 7' minimally extends w if ' extends w and
|[Varl = |Vz| + 1, ie., 7’ involves one more variable than
7. The next lemma implies that in building a maximal =*-
model, we only need consider adding one variable at a time.

Lemma 10. 7 is a maximal =*-model of T if and only if
m E=* T and there exists no ' minimally extending 7 such
that © E=*T.

Proof. = is obvious. For the converse, assume that there
exists no 7’ minimally extending 7 such that =’ |=* T
consider any 7’ extending w. Then there exists 7’ that
minimally extends 7 and such that 7" extends or equals
7'. By the hypothesis, #/ £* T', which implies, using
Lemma 5(ii), that 7'/ p£* T, proving that 7 is a maximal
E*-model of T". o

Starting with the empty model we grow a maximal |=*-
model of T, by (iteratively) replacing the model with one min-
imally extending it and still |=*-satisfying I, if such a model
exists. Otherwise, we have a maximal =*-model 7 of I". By
Corollary 1, we can test if T is consistent by checking 7 = T'.

We say that a satisfaction test is a test of the form 7 = ¢
for some 7 € G and € L; a |="-satisfaction test is a test of
the form # =* o.

Suppose that d is an upper bound on the domain size of
each variable, i.e., foreach X € V, | X| < d. We first have to
check that the empty model is a =*-model of T'; this involves
a number |I'| of |=*-satisfaction tests. At each iterative step,
there are less than nd! possible extensions 7w of the current
model 7’ to an extra variable, and there are at most n itera-
tive steps, so there are less than |T'|n?d! =*-satisfaction tests
required in the whole iterative process. Finally we have to
check that the produced maximal =*-model 7 of T" satisfies
T, which involves |T'| satisfaction tests. In total we have at
most |T'| satisfaction tests and |T'|n?d! |=*-satisfaction tests.

For bounded domain size, testing consistency of strongly
compositional I' can be performed with polynomial number

of tests of the form = = ¢ or # =* . For this algorithm
to be efficient we need that each preference statement allows
efficient tests of 7 = ¢ and 7 =* . In Section 4 we define
languages that satisfy these properties.

3.4 Equivalence w.r.t. Compositional Statements

The following result implies that if I" is compositional then
two maximal models of I' involve exactly the same set of
variables, and if two outcomes are equivalent in one maxi-
mal model of I" then they are equivalent in all models of T".

Proposition 2. Assume that I' C L is consistent and com-
positional. Let w, 7' be models of T with m a maximal model
of T. Then, Vi O Vo and Vi = Vo if and only if ' is a
maximal model of T'. Also, if, for a, 5 € V, we have a = 3
then we have o =+ 8, and in factT = o = .

Proof. Let m be a maximal model of I" and let 7’ be any
model of I'. Compositionality of I implies that 7 o 7’ = T,
and thus, 7 o m’ = 7, since 7 is a maximal model of T, and
m o’ 3 . Therefore, V, UV, = V,, and hence, V- C V.
If 7’ is a maximal model of I" then the same argument implies
that Vv O V, and thus V» = V.. Conversely, if V» = V,
then 7’ is a maximal model of T, since otherwise 7’ could be
extended to a maximal model 7" of T", which would imply
V. being a strict subset of V» =V = Vs,

Assume that « =, (. Then «(V;) = B(Vz), and so
a(Vy) = B(Vy) and ' = o = B. Since 7’ is arbitrary,
wehaveI' = a = f. o
Proposition 2 justifies the next definition, and implies the fol-
lowing lemma.

Definition 4. For consistent and compositional I' C L, we
write V' for the set of variables appearing in any maximal
model of T, i.e., VI =V, for any maximal model m of T.

Lemma 11. Consider any consistent and compositional I' C
L, and any a,3 € V. ThenT = a = 3 <= ao(Vl) =
BVT).

Proof. Assume that a(V') # B(V1). Consider any maxi-
mal model 7 of T'. Then, V; = V! so a and 3 differ on some
variable involved in 7, which implies that 7 [~ o = 3, and
thus, I' £ o = .

To prove the converse, assume that a(V!) = (V).
Then for any 7 € G with 7 = I, we have V; C v,
by Proposition 2, and thus, 7 = « = [. Therefore,

Fr'Ea=4. 0

3.5 Further Properties for Inference with
(Strongly) Compositional Statements

When ¢ is strongly compositional then there is a further sim-
ple composition property just involving |=*, as expressed by
the following lemma.

Lemma 12. Let ¢ € L, and let m,7" € G. If @ is strongly
compositional then © =* @ and 7' |=* @ implies mor' |=* .
Also, if T' C L is strongly compositional then © |=* T and
7' =* T implies mo v’ =" T..



Proof. Assume that 7 =* ¢ and 7’ E=* ¢, so there exists 7"
with 7”7 3 7’/ and 7" = ¢. If ¢ is strongly compositional
then mon” |= , and thus, mon’ E=* ¢, since mon” J wom’.
The second part follows immediately from the first. o

The following result states that if I" is strongly composi-
tional and if two outcomes are equivalent in one maximal
E*-model of T' then they are equivalent in all =*-models of
I'. Also, the maximal =*-models satisfy exactly the same
elements of I'.

Proposition 3. Assume thatT' C L is strongly compositional.
Let 7, 7" be maximal |=*-models of T. Then, the following
hold.

(i) Foreveryp eI, mE v <= 7' = ¢.

(ii) If I is consistent then the set of maximal models of T is
equal to the set of maximal =*-models of T..

Proof. (i): Assume that 7’ }= ¢. Since 7 =* T' we have
T E* ¢, and so mon’ | ¢, since ¢ is strongly compositional.
Thus, 7 |= ¢, since m o ™ = 7. Reversing the roles of 7 and
7" in the argument, we have 7 = ¢ < 7’ = ¢.

(i1): Suppose that I' is consistent, and so there exists
some " with 7/ = T. Now, 7 E* I, somon” E T,
since T is strongly compositional. Then 7 o n”/ E* T,
and thus, 7 o 7”7 = 7, since 7 is a maximal =*-models
of I So we have m |= I'. This argument also shows that
Ve € Vi, which implies that 7 is a maximal model of T,
using Proposition 2. We have just shown that, assuming I'
is consistent, every maximal =*-model of I' is a maximal
model of I'. Also, by Proposition 2, every maximal model 7
of I has V. = V.. We have, by Lemma 5(i), that 7 =* T".
Let 7/ be a maximal =*-model of " with 7/ J 7. By the
previous argument 7’ is also a maximal model of T", which

implies, using Proposition 2, that V., = V, = V., and
so 77 = 7, and thus, 7 is a maximal =*-model of T, as
required. o

One can define a notion of max-model inference, which is
characterised by the lemma below. We define = =" T if 7
is a maximal model of T'. We also define I' =% pif w = ¢
for every maximal model 7 of I".

Lemma 13. Let T'U{y, ~¢} C L and suppose that T U{—p}
is compositional. If T' |= ¢ then T' E™% . Now suppose
that T V£ o and let w be any maximal model of T' U {—p}.
Then, T' E™%® p < 7 ™% T, which holds if and only
if VIVized £ T,

Proof. The definitions immediately imply that if T' |= ¢ then
' =™ . Now assume that I' [~ ¢, and so I' U {—p}
is consistent, and let 7 be any maximal model of I" U {—¢}.
Suppose that ' =""%* . The fact that = [~ ¢ implies that
m BE™e* T'. Conversely, assume that I' ™% ¢ so there
exists 7' € G such that 7’ =" T" and 7’ |= -, and thus
7' = T'U {—}. Proposition 2 implies that V- C V.. But
since 7 |= I"and 7/ =% T we have also V;; C V, and thus
Va» = V. Proposition 2 then implies that = =""%* T".

We have VI'V{~¢} = V. C V. Proposition 2 implies that
7 =" T if and only if V, = VT, which is if and only if

yrotzer = T, o

3.6 Decreasing Preference Statements and Sets of
Models

In this section we show some results that are useful in proving
that certain preference statements are strongly compositional.

Let us say that ¢ € L is decreasing if for all 7,7’ € G
with 7’ extending 7, we have 7’ |= ¢ = 7 = . It follows
easily from the definitions that if ¢ is decreasing, then, for all
T € G, mE" ¢ <= 7 | . This leads to the following
result.

Lemma 14. Let ¢ € L be decreasing. Then o is strongly
compositional if and only if v is compositional.

For example, the non-strict statements of the flight connec-
tions examples from the earlier sections are decreasing, while
the strict statements in these examples are not.

For M C G, we say that M is decreasing if, for any
m, 7 € G such that 7’ extends 7, we have 7/ € M =
m™e M.

We say that M contains all models of ¢ if, for all T € G,
TEep=>M>m.

The following result is helpful for proving that a preference
statement ¢ is strongly compositional.

Proposition 4. Let ¢ € L, and assume that v is consistent.
Let M, be a subset of G. The following two conditions are
equivalent:

(I) M, is decreasing and contains all models of @, and for
allm,m" € G, ift € My andn' = pthenmon' = .

(I) o is strongly compositional, and for all m € G, m =* ¢
= meM,.

Proof. (D=(II): Assume (I). First, let us assume that 7 €
M,,. Since ¢ is consistent, there exists 7’ with 7’ |= ¢, and
so (I) implies that m o 7' |= ¢, and thus, 7 E=* ¢, since
7o« 3 . For proving the converse let us now assume that
m E* ¢, so there exists 7/ € G with 7’ J 7w and ' | .
Thus, 7' € M., and because M, is decreasing, we then
have 7 € M,. We have shown that for all 7 € G, 7 =*
¢ <= 7w € M,. (I) then also implies that ¢ is strongly
compositional.

(ID=-(I): Lemma 5(i) implies that M, contains all models
of ¢, and Lemma 5(ii) implies that M., is decreasing. The
fact that ¢ is strongly compositional then implies (I). O

For ¢, ¢' € L, we say that o is a relaxation of p if ¢ |= ¢/,
ie,forallme G, rEp=mE¢.
We have the following special case of Proposition 4.

Proposition 5. Let p,p € L, and assume that @ is consistent.
The following two conditions are equivalent:

(I) @ is adecreasing relaxation of v such that for all m, 7’ €
G ifrEpandr' = pthenmon’ = .
(I) ¢ is strongly compositional, and for all m € G, m =* ¢

= TE®



Proof. Define M, to be all 7 € G such that 7 |= . Note
that (I) holds if and only if M, is decreasing and contains all
models of p, and if T € My, and 7’ |= ¢ then o 7’ |= .
Proposition 4 implies that (I) <= (ID). o

3.7 Important Instances of Strongly
Compositional Preference Statements

Projections to Y
Our computational techniques can be expressed in terms of
projections of preference statements to a single variable.

Let R CV xV,letY € V be avariable, andlet A C V —
{Y'} be a set of variables not containing Y. Define R+, the
projection of R to Y, to be {(a(Y),B8(Y)) : (¢, B) € R}.
Also, define, %fqy, the A-restricted projection to Y, to be the
set of pairs (a(Y"), 8(Y)) such that (o, 8) € R and a(A) =
B(A). mf{ is the projection to Y of pairs that agree on A.
Thus, RYY = %éy.

From [Wilson, 2014] we have (a variation of the follow-

ing):
Lemma 15. Consider any lexicographic model m1 € @,
written as (Y1,>1),...,(Yk, >r). where each Y;, for i =
1,...,k isavariable in V, and each >v, is a total order on
Y;. Fori = 1,... k, define A; to be the set of earlier vari-
ables than Y;, i.e., A; = {Y1,...,Y; 1}. Let R C V x V.
Then =2 Rifand only ifforalli =1,...,k >; 2 Ry

Note that, by Lemma 3, « > f is a decreasing element.
Lemma 4 implies that « > [ is compositional, and thus,
strongly compositional, by Lemma 14. If & > [ is incon-
sistent (so that &« = () then it is trivially strongly composi-
tional. Otherwise, we can use Proposition 5 with ¢ = a > 8
and ® = « > [ to show, using Lemma 4, that o > S is also
strongly compositional and 7 =* o > § <= 7 a > .
We therefore have:

Lemma 16. For any outcomes, o, 3 € V, statements o« > 3
and o > [ are strongly compositional, and, if « # 3, for
TeGgrnE a>pf = rFE"a>f <<= 1EFa>4

Let R be a subset of V' x V, and let @m be some statement
satisfying: 7 |= ™ if and only if 3=, R.

If 7’ extends 7 then =, D =,, which implies that ©™ is
decreasing. For any lexicographic model 7 we have 7 |= ™
if and only if for all (o, 8) € R, m = a > B, which implies
that ©™ is strongly compositional, by Lemmas 16 and 6. We
therefore have:

Proposition 6. For any R C V XV, the preference statement

o™ is strongly compositional, and, for any © € G, we have

TE PN = 1™

We say that 1 is a strict version of o™ if ¢™* is a relaxation
of 9, and ¥ satisfies the following monotonicity property re-
garding the strict preferences among fR: for all =, 77’ € G, if
7 EYand ' | 9™ and =D (=, NR) then 7/ |= 7).

There are many strict versions of ©”* (unless R is very
small). We give two simple examples 1, and 1 of strict
versions of cpm. Let 11 be such that 7w |= v if and only if >,
DO R. Let 15 be such that 7 |= )5 if and only if =, D %R and
there exists some («, 8) € R such that o >, S.

Proposition 7. Let SR C V x V, and suppose that 1 is a
strict version of ©™*. Then 1) is strongly compositional, and

forme G nE Y = 7

Proof. We have that ¢™ is a decreasing relaxation of ). It
is sufficient to prove that for any 7,7’ € G, if 7 = ™ and
7' =4 then wo 7’ |= ), since then we can use Proposition 5
to prove the result. Assume that 7 = o™ and ' = 9.
Since gom is a relaxation of ¢, we have 7’ |= gom, and thus,
mon = @™, since o™ is compositional, by Proposition 6.
Consider any («,3) € R such that « >, 8. We also
have a =, [, because 7 |= gpm, and so0, @ =, on 3, using
Lemma 4. We have shown that >0 2 (>, N9R), which,
since 1) is a strict version of %, implies 7 o ' = 1, as
required. O

Negated Statements

Suppose that 7 = =%, ie., © £ ©7, and consider any
7w’ € G. Then, o ' extends or equals 7, which implies that
mor W~ ™, since o™ is decreasing. Thus, we have:

Proposition 8. Preference statement —¢™ is compositional
forany R CV x V.

Lemma 17. Let R CV x V, and let m, 7’ € G be such that
7' extends w. Suppose that for all (o, ) € R there exists
X € Vg such that a(X) # B(X). Then, for any (a,,@%e R,
azr B = ax=p B Also,m = B = 7' = 7

Proof. Consider any (a,3) € R. Let Y be the earliest
variable in V; such that a(Y) # B(Y) (this is well-defined,
by the hypothesis). Then, o =, 8 <= a = [ <—

a(Y) >y B(Y), where >y is the strict part of the ordering
for Y in . We then have 7 |= ™ if and only if for all
(o, B) € R, a =, B if and only if for all (o, 3) € R,
a = Bif and only if 7/ = ™. o

Lemma 18. Letr R C V. x V, and let m,7' € G. Suppose
that for all (o, B) € R we have a(Vy) = B(Vy). Then, =,
NR = mron NNK, and thus, ™' = p* <= mwon’ = o™

Proof. Consider any (o, ) € PR. We have a =, f.
By Lemma 4, a >, 8 <= « =nor [. This implies
e MR =20 NR,and 1 = P = 7o’ E ™t o

Lemma 19. Let R C V x V, and let 7 € G. Suppose that
X is the first variable in m on which some pair in R differs,
so that there exists («, 8) € R such that (X)) # ﬁSX), and
this does not hold for any earlier variable in 7. If R*X is not
acyclic then T [= o™,

Proof. Let >x be the non-strict relation for X in 7. If
7 = ¢” then, by Lemma 15, >x contains 3%+ and thus,
the latter is acyclic. O

Define /\/lﬁspm to be the set of models m € G such that
either (i) [~ ™ or (ii) for every variable X € Vi, if R+
is acyclic then ;R+X C =.



Define M’ o to be the set of models m € G such that
either (i) m [~ ™ or (ii) there is no variable X € V; such
that 53+ is acyclic and irreflexive.

Note that M_n C M/wg‘

Lemma 20. If 7 € M

_on and 7' = =™ then wo ' =

Proof. Suppose that 1 € M_,» and 7’ |= —p™. First con-

sider the case when 7 [= ™. The fact that ©™* is decreasing
implies that 7 o 7/ [~ ™, i.e., m o 7’ = =™, Now consider
the other case, when 7 = ™. If for all (a, 3) € R we have
a(Vy) = B(V,) then Lemma 18 implies that 7 o 7/ = —¢™.
Otherwise, let X be the first variable in @ on which
some pair in R differ. The definition of M_» implies that

9R+X is not acyclic, and thus, To7’ = =™, by Lemma 19. o

Lemma 21. M’ L% is decreasing.

Proof. Suppose that 7’ extends 7 and that 7' € M” . We
need to show that m € M”
contradiction. Assume that 7 gé M

. We proceed using proof by
ey Thus, 7 = »™ and

there exists variable X € V. such that %+ is acyclic and
irreflexive. Since 7’ € M/w”‘ and Vv D V., we must have

7' £ ™. Because R is irreflexive, for all (o, 8) € R, a
and g differ on variable X. Lemma 17 leads to the required
contradiction. o

Definition 5. For R C V x V, we say that R is simultane-
ously decisive if for all X E V zf R is acyclic then either
RIX s irreflexive or BRI

Proposition 9. If R C K x V is simultaneously decisive
then —™ is strongly compositional, and for all w € G, m =*
_‘@9% — TE Mﬁtpm
Proof. We will first show that M_ o = M’ oo Sup-
pose that 7 € M’ e If 7 £ ™ then we clearly have
T € M_,», so we can assume that there is no variable
X € V, such that R¥+¥ is acyclic and irreflexive. Thus, by
our assumption on R, if "+ is acyclic then SR+ C =, and
thus, 7 € M_ =

Lemma 21 then implies that M_ = is decreasing, and
it contains all models of —p®. Then, Lemma 20 and
Proposition 4 imply the result. o

4 Preference Languages L,,r and L

Here we show that certain relatively expressive compact pref-
erence languages are strongly compositional. This includes
forms of the statements ™ from Proposition 1, where R is a
set of pairs of outcomes. In many natural situations, R can be
exponentially large; in the languages discussed here, we are
able to express certain exponentially large sets YR compactly.

4.1 The Language £, 1

We will consider preference statements of the form pt>g¢ || T,
where > is either >, or > or >, and P, (Q and T are subsets
of V, with (PUQ)NT = (), and p € P is an assignment
to P, and ¢ € ( is an assignment to (). The statement p &> ¢
|| T represents that p is preferred to ¢ if T is held constant,
i.e., any outcome « extending p is preferred to any outcome
B that extends ¢ and agrees with « on variables 7T'. Formally,
the semantics of this statement relates to the set ¢* which is
defined to be the set of pairs («, 5) of outcomes such that
« extends p, and 3 extends ¢, and « and 3 agree on T, i.e.,
o(T) = B(T).

Statements of the form p > ¢ || T are called non-strict,
statements of the form p > ¢ || T, are called fully strict, and
statements of the form p > ¢ || T are called weakly strict.

Let Lyq7 be the set of all preference statements ¢ of the
form pr>q || T', as defined above. For any statement ¢ € Lpg7
equalling pt> ¢ || T, we define (=) tobe p > ¢ || T, the non-
strict version of ¢. For lex model 7, we define:

,B) € ¢*.

o 7 satisfies fully strict o if o >, S for all (o, 8) € ©*.

o 7 satisfies ©(2) if o 3=, 3 for all (a

o 7 satisfies weakly strict o if 7 satisfies (=) and if @ >
G for some (o, B) € ™.

For outcomes « and (3, a non-strict preference of « over
can be represented as a > (3 || 0, which is equivalent to the
preference statement o > 3 introduced in Section 3, so we
abbreviate it to that. Similarly, we abbreviate o > 3 || 0 to
a > (3 (which is also equivalent to o > 3 || 0).

We can write a statement ¢ € Lp,7 as ur > us || T, where
ueU,re R, se S, andU, T and RU S are (possibly
empty) mutually disjoint subsets of V', and for all X € RN.S,
r(X) # s(X). For such a representation, we write u, = u,
ro=r,8,=58U,=U R, =R, S, =SandT, =1T.
We assume, without loss of generality, that if | X| = 1 then
X € T,. This ensures that such a representation is unique.
We also define W, =V — (R, US, UT,UU,).

As discussed in [Wilson, 2009] (which, however, just con-
siders non-strict statements), this is a relatively expressive
preference language. As well as preferences between out-
comes, preferences between partial tuples can be expressed.
Ceteris paribus statements can be expressed by using ¢ with
W,, = ). More generally, any variables in W,, are forced to
be less important than variables in R, and S,,.

Projections to Y
For comparative preference statement ¢ we abbreviate
Y

()4 oy

Proposition 1 of [Wilson, 2014] leads to the following re-
sult.
Proposition 10. Consider any element ¢ € Lpgr. Let A
be a set of variables and let Y be a variable not in A. If
R,NS,NA # 0 then cpily is empty. Otherwise, goiy consists
of all pairs (y,y') € Y X Y such that (i) y = ¢’ if Y € T,;
(i)y =1y =u,(Y)ifY e Uy (iii) y = r,(Y) if Y € Ry,
and (iv) y' = s,(Y)ifY € Sy. Thusif R,bN S, NA =10
andY € W, then gpjy =Y xY.



The following lemma will be used later.

Lemma 22. Consider any ¢ € LypqT, and any set of variables
A C V. We have the following.

(i) There exists (a, ) € ¢* such that a(A) = B(A) if and
onlyif R,N S, NA=0.

(ii) a(A) = B(A) holds for all (a, ) € ¢* if and only if
ACT,UU,.

Proof. (i) First suppose that R, NS, N A # ), choose some
X € R,N S, N A, and consider any («, 3) € ¢*. Then
a(X) =r,(X) and B(X) = s,(X) # a(X), which shows
that a(A) # B(A). Conversely, suppose that R, NS, NA =
0. Let s/, be s, restricted to S, — R,,. Let o be any outcome
extending u,, and 7, and s;,. Define 3 by B(X) = 5,(X) if
X € S,, and B(X) = a(X), otherwise. Then (o, 3) € ¢*
and o(A) = B(A), since o and 3 differ only on R, N Sy,
which is disjoint from A.

(i) Assume first that A  T,UU,,, i.e., (R,US,UW,)NA #

(). We will construct « and 8 such that «(A4) # B(A) and
(a, B) € ¢*. Let o be any outcome extending u,, and r,
and such that a(X) # s,(X) for all X € S,. Let 3 be
any outcome extending u,, and s, and a(7,) and such that
B(X) # ro(X) forall X € Ry, and also 3(X) # a(X)
for all X € W,, (we can do this because each element of the
domain of each variable in R, U S, U W,, includes at least
two elements). Then («, 8) € ¢* and (X)) # B(X) for all
X € R, US,UW,, which implies that a(A4) # 5(A).

To prove the converse, assume that A C T, U U,. and
consider any (a, 3) € ¢*. Then, for each X € T,, U U,, we
have a(X) = B(X), and so a(A) = B(A). o

Lemma 23. Let ¢ € Lygr and m € G. Suppose that 7 =
02, ie, = D p* If W, NV, # 0 then there exists X €
R, NS, NV, that appears earlier in 7 than any variable in
We.

Proof. Suppose otherwise, and let X be the first variable
in W, that appears in 7, and let > x be the corresponding
value ordering. We will define two different pairs («, 3) and
(o, ') in p*. Let s{, be s, restricted to S, — R,. Let a be
any outcome extending u,, and r, and s;. Define 5 by: 5(X)
is an element other than a(X); S(Y) = s,(Y) if Y € Sy
B(Y) = «a(Y) for all other Y. Then (a,5) € ¢, and «
and 3 only differ on variable X and variables R, N S,. The
first variable in 7 on which o and § differ is X, and thus,
a(X) >x B(X), since a =, S.

Now, define outcome o’ which agrees with « except on
X, and outcome B’ which agrees with 8 except on X, and
where o/ (X) = B(X) and #/(X) = «(X). By the same
argument, we have (a/, 8') € ¢* and o/ (X) >x f'(X), i.e.,
B(X) >x «a(X), which is a contradiction, since >y is a
total order. o

The following result characterises when a lex model satis-
fies a non-strict preference statement in Lpq7.

Proposition 11. Let ¢ be a non-strict element of Lyqr (s0
that o = p(2)), which we write as u,r, > u,s, || Tp. Let

7w € G be the model (Y1,>1),...,(Ys,>k). Let i be the

smallest index such that Y; € R, N Sy, orleti =k + 1 if

R,NS, NV, =0. Then, m |= ¢ if and only if (i) r,(Y;) >;

s,(Y;) if R, NS, NV # 0, and (ii) for all j < i,

(a) Y; & W,

(b) ifY; € R, \ Sy, then forally € Y, r,(Y;) >; vy, ie,
1y, (Y;) is the best value of Y;; and

(c) ifYj € Sy \ Ry thenforally € Yj, y >; s,(Yj), ie.,
s, (Y;) is the worst value of Y;.

In particular, if Ve CT,UU, then T |= .

This proposition can be seen to follow from the next propo-
sition, which is an alternative version of the result.

Proposition 12. Let m € G and ¢ be a non-strict element of
Lpqr, so that ¢ = ©(2). Let us say that X € Vy is definite
if X € (R, NS,) UW,, and that X is relevant if X €
R, U S, U W, and there is no earlier definite variable in
V. Thus, the set of relevant variables consists of the earliest
definite variable (if there is one), plus all earlier variables
not in T, or U,. As usual, we let > x be the total ordering
associated with X in w. Then, m |= ¢ if and only if for all
relevant variables X,

(@) X ¢ Wy,
(b) if X € R,N S, thenry,(X) >x s,(X);

(c) if X € Ry \ Sy then forall z € X, rp(X) >x z, ie,
1, (X) is the best value of X ; and

(d) if X € Sy \ Ry then forall x € X, © >x s,(X), i.e.,
5, (X) is the worst value of X.

In particular, if V; CT,UU, then T = .

Proof. First let us assume that 7 |= ¢, i.e, 7 = ©(2), and
thus, =, 2 ¢*. We will prove that (a), (b), (c) and (d) hold.
We first define a pair (v, o) in *. Let s, be s, restricted
to S, — R,. Let ag be any outcome extending u,, and r, and
s,,- Define o by: Bo(Y) = s,(Y)if Y € Sy; fo(Y) =
ap(Y") for all other Y. The only variables on which « and
Bo differ are those in R, N S, and we have a(R,) = 7,
and [y (S,) = s,. We then have (v, Bo) € ¢*.
(a): Suppose that X € W,,. Let = be any element of X other
than ao(X), and let 2’ = ap(X). Define 81 by 8(X) = «,
and for all other Y € V\ {X}, 51(Y) = Bo(Y). Also, define
a1 by a1(X) = x,and forall Y € V \ {X}, a1 (Y) =
ao(Y). Tt follows that (ag,81) and (aq, Bp) are in ¢*, and
thus, g =, (1 and a1 =, Bg, because =, O ¢*. The
first variable in 7 on which «q and 3, differ is X, and thus,
ap(X) >x f1(X),1e., 2’ >x x. Similarly, the first variable
in 7 on which oy and f§y differ is X, and thus, o1 (X) >x
Bo(X),i.e., x >x ', contradicting the fact that > x is a total
order.
(b): Assume that X € R, N S, and so ap(X) # Bo(X).

Since (ap, By) € ¢* we have agp =, Bo. Let Y be the first
variable on which ag and j differ, so Y € R, N S,. Y
is thus a definite variable. Since X is relevant, there is no
earlier definite variable, so Y = X, and X is the first variable
on which «g and Sy differ. ag =, Sp implies that oo (X) >x
Bo(X), ie., 7, (X) >x s,(X), proving (b).



(c): Assume that X € R, \ S, and 7 = ¢. Choose any

x € X. Let By be an outcome that only differs with S
on X, and with 35(X) = z. Then, (ag,82) € ¢*, and so
ag =x Pe, since T = . Now, ag and S do not differ on
any earlier variables, since no earlier variable is in R, N S,
because X is relevant. This implies that ap(X) >x Fa2(X),
ie,ry,(X) >x =

(d): Assume that X € S, \ R, and 7 |= ¢. The proof of (d)
is analogous to that of (c). Choose any x € X. Let as be an
outcome that only differs with g on X, and with aa(X) =
x. Then, (a2, B0) € ¢*, and so, az(X) >x Bo(X), ie.,
x >x 5,(X).

To prove the converse, we now assume that for all relevant
variables, conditions (a), (b), (c) and (d) hold. We will prove
that 7 = ¢. It is sufficient to show that for all (o, 3) €
©* we have a =, . So, consider any (o, 3) € *. If
a(Vy) = B(V;) then we have a =, [3, so we can assume
that o and (8 differ on some variable in V; let X be the first
such variable, and let A be the set of earlier variables, so that
a(A) = B(A). By the definition of a lexicographic order, to
prove that « =, [, it is sufficient to prove that a(X) >x
B(X) (e., a(X) >x B(X), since a(X) # B(X)).

Suppose that there exists a definite variable, and let Y be
the earliest (according, as always to the V. ordering). Then Y’
is relevant. By condition (a), Y ¢ W,andsoY € R, NS,
but then a(Y) = 7,(Y) # s,(Y) = B(Y), so a(Y) #
B(Y). In particular this implies that Y ¢ A, so A contains
no definite variable. Since a(X) # [(X), we have X ¢
T,UU,,so X isrelevant.

If X € R, NS, then the definition of ¢* implies
that a(X) = 7,(X) and B(X) = s,(X), and thus,
a(X) >x B(X), by condition (b). If X € R, \ S,
then a(X) = 7,(X) and condition (c) implies that
a(X) >x B(X). Similarly, if X € S, \ R, then condition
(d) implies that a(X) >x B(X). o

The next result gives the extra conditions required for satisfy-
ing strict statements.

Proposition 13. Let ¢ € L,qr and 7 € G. Then:
e if @ is a fully strict statement then ™ = o if and only if
@) and R, N S, NV, £ 0;
e if ¢ is a weakly strict statement then 7 |= @ if and only
ifm =) and (R, U S,) N Vy # 0.

Proof. The definitions immediately imply that if 7 |= ¢ then
7 = ¢(2), so we can assume that in all cases 7 = ¢(2).

Suppose that ¢ is a fully strict statement. Now 7 = o(2)
implies that o =, S for all (o, 8) € *. Therefore, 7 = ¢
if and only if for all (o, 8) € ¢*, a #, B, ie., a(Vy) #
B(Vy). Lemma 22(i) then implies that 7 |= ¢ if and only if
R,NS, NV, #0.

Assume now that ¢ is a weakly strict statement, and also
assume that 7 |= ¢(Z). We then have m |= ¢ if and only
if there exists («, 8) € ¢* with a(Vy) # B(Vy), which,
by Lemma 22(ii), is if and only if T, UU, 2 V,, ie,
(R, US, UW,) NV, # (. Now, Proposition 12 implies
that if 7 |= ¢ and W, N V. # 0 then R, NV # 0, and thus,

7 = g ifandonly if (R, US,) NV, # 0. o

Lemma 24. Suppose ¢ € Lpgr is such that R, = S,. Then
w* is simultaneously decisive (see Definition 5).

Proof. Let R = ¢* and consider any X € V such
that ]+ is acyclic and R+X ¢ =. Proposition 10 im-
plies that X € R, US, = R, = S,, and so R
equals {(7,(X),s,(X))}, which is irreflexive since
ro(X) # 5,(X). .

As one would expect, both kinds of strict statements are
strict versions of ™ (with a fully strict statement correspond-
ing to 11, and a weakly strict statement corresponding to s,
in the discussion before Proposition 7).

Lemma 25. Suppose that ¢ € Ly,qr is either a fully strict
statement or a weakly strict statement. Then @ is a strict ver-
sion of o™, where R = ¢*.

Proposition 1 can be seen to imply that the non-strict ele-
ments of the language £,,r are strongly compositional. In
fact this also holds for both kinds of strict statements and cer-
tain negations.

Theorem 2. Consider any ¢ € Lpqr. Then ¢ is strongly
compositional and © |=* ¢ if and only if 7 |= ©2). If v is
non-strict then —p is compositional; if also, R, = S, then
- is strongly compositional, and = |=* - if and only if
either m =~ or V, N S, = .

Proof. Let R = *. First suppose that ¢ is either a fully
strict statement or a weakly strict statement. For all m € G
we have 7 = p(2) <= 7 = ™. Then, by Lemma 25,
¢ is a strict version of ™. Proposition 7 implies that ¢ is
strongly compositional and, for 7 € G, 7 |=* ¢ if and only if
7 = @™, which is if and only if 7 = p(2).

Now suppose that ¢ is non-strict. Then for all 7 € G we
have = ¢ <= 7 = %, and thus also, 7 =* ¢ <=
7 =* ™. Proposition 6 implies that ©* is strongly com-
positional, and 7 * ¢” <= 7 = @™ forany 7 € G.
Thus, ¢ is strongly compositional, and, for all 7 € G we have
T ¢ = 7 = o), since (Z) = . Proposition 8
implies that = is compositional.

Now, assume also that R, = S,. Then R = ¢ is si-
multaneously decisive, by Lemma 24. Proposition 9 implies
that —¢” and thus - is strongly compositional and for all
TEG TE @ <= meM_ mn.

We have: 7 € M_ o <= either (i) 7 £ ¢ or (ii)
for every variable X € Vi, either X is not acyclic or
RIX C =, (i1) holds if and only if for every X € V,, we
have X ¢ R, U S, (ie., X ¢ S, since R, = S,), so (ii)
holds if and only if V; N S, = 0. Thus, 7 =* —¢ holds if
and only if either 7 |= —~p or Vz N S, = 0. o

4.2 Checking Consistency for Subsets of L, -

Theorem 2 suggests the feasibility of checking consis-

tency of subsets of the language E;qT, which is Lyer



with certain negated statements also included. For-
mally, define £ - to be the union of L,,r with
{=¢ : ¢ € Lpgr, p non-strict, and R, = S, }.

We use the method of Section 3.3 to determine the con-
sistency of a set of preference statements I' C L;qT, by in-
crementally extending a maximal =*-model 7 of T, and then
checking whether or not 7 = T holds; this makes use of
Propositions 11 and 13.

LetT C L;,qT, let X € V and let 7 € G. We make the

following definitions, where T is the set of all ¢ € T' N Ly,
such that R, N S, NV = 0.

e Bestf(X) ={ry(X) : peT& X € R, \ S, }.

e Worstf(X) = {s,(X) : peT& X € S, \ R, }.

e PairsT(X) = Pos-(X) U Negl(X), where
PosT(X) = {(ry(X),5,(X)):peT & X € R,NS,};
and Negp (X)) is the set of all pairs (s, (X), ,(X)) such that
~pclandT,UU, D Vy,and X € R (= S,).

Lemma 26. Suppose that T’ C L;qT. Let X € V and let > x

be a total ordering on X, and let 7' = wo (X, >x ). Suppose
that ™' |=* T'. Then the following hold:

e Forall x € Best].(X) and x' € X we have x >x . In
particular then, |Besti.(X)| < 1.

e Forall x € Worstf-(X) and 2’ € X we have 2’ >x .
In particular then, |WorstT.(X)| < 1.

o If (x,2") € Pairsf.(X) then x >x «'.

Proof. Since ' |=* T we have, by Theorem 2, 7/ = (=)
for ¢ € T'N Lygr, and for ~p € T, either 7’ = —p or
Ve NS, = (). Recall the definitions of definite and relevant
variables in Proposition 12. Given ¢ € I'NL,,7, we have that
if pissuchthat R,NS,NV; =0and X € R,US,, then X

is relevant given (=) and 7’. This is because X would only
not be relevant if there were an earlier definite variable Y in
7" and thus in V;; we’d then have Y ¢ T, by Proposition 12
andsoY € R, N S,, which contradicts R, NS, NV, = 0.

Suppose that z € Best:(X). By definition, there exists
¢ € I'N Lpgr such that z = r,(X) and R, N S, NV =0
and X € R, \ S,. Since X is relevant given ©(2) and 7/,
Proposition 12 implies that for all ' € X, x >x z’. Since
>x 1is a total order, there can be at most one element z in
Best:(X). A similar argument shows that if x € Worst(X)
then for all 2’ € X, we have 2/ >x x which implies that
[Worst (X)| < 1.

Suppose that (z, ') € Pos{(X). Then, by definition, there
exists ¢ € I' N L, such that 7,(X) = z and s,(X) = 2’
and R,NS,NV; =0and X € R,NS,. Since X is relevant
given (=) and 7', Proposition 12 implies that z >x .

Suppose that (z,2’) € Negp(X). Then there ex-
ists = € T with s,(X) = 2 and ry(X) = 2’ and
T,UU, 2 Vzand X € R, = S,,. Since V;» N S, # 0 and
7' E* -, we have 7’ | -, i.e., ' [~ ¢. The condition
T, UU, 2 Vg, using Proposition 12 implies that 7 |= 02,
ie., m = ¢, since ¢ is non-strict. Also, X is relevant given
©(2) and 7/, so, ' [~ ¢ implies, using Proposition 12,
that 7,(X) #x s,(X)), and thus, s,(X) >x r,(X) and

x>y al. O

Given I and 7 € G with 7 |=* T, we say that X can be
chosen next if: X € V — V. and

e ifpel'NLyrand R,NS, NV, =0then X ¢ W,;

o Pairsf (X) is acyclic;

e |Bestf:(X)| < 1 and |Worstf:(X)| < 1;

e if 2 € Best](X) then z is undominated in Pairs (X ),
i.e., there exists no element of the form (z/,z) in
Pairs7(X);

o if x € Worstf(X) then = is not dominating in
Pairs{.(X), i.e., there exists no element of the form
(x,2") in Pairsf (X).

We also say that (X, >x) is a valid extension of 7 if (i) X
can be chosen next; and (i) >x 2 Pairsf(X); (iii) if z €
Best[ (X) then x is the best element in X with respect to > x
(so that x > y for all y € X); and (iv) if 2/ € Worstf:(X)
then 2’ is the worst element in X with respect to > x.

We state a basic lemma that follows easily from Proposi-
tion 12.

Lemma 27. Suppose that ¢ € Lpqr and w € G are such that
TlEpand Ve NR,NS, =0. Then, Vo, "W, = 0.

The following result states the conditions needed for mini-
mally extending 7 to maintain the |="-satisfaction of T".

Proposition 14. Suppose that I C L}, r, and that m =~ T.
Let X be a variable in V. — V; and let 7' = wo (X, >x),
where >x is a total ordering on X. Then 7w =* T if and

only if (X, >x) is a valid extension of .

Proof. Since 7 |=* T, Theorem 2 implies that 7 |= () for
¢ € ’'NLygr, and for ~p € T, either 7 = ~por VNS, =0
(since ~p € E;QT implies that ¢ € L,,7 and ¢ is non-strict,
and R, = S,).
<: We will first prove that if (X, > x ) is a valid extension of
mthen 7’ =* T. For ¢ € I' N L,qr, we have 7’ |=* ¢ if and
only if 7/ = (=), by Theorem 2. Also, for = € I' we have
7’ |=* — if and only if either 7’ = = or Vo N S, = 0.
Consider any ¢ € T'N L, 7. Since m = ¢(2), it follows
using Lemma 15 that ' |= () if and only if >y D ¢}
Consider any (x,z') € @%,f We need to show that
(z,2') € >x, i.e., that z >x 2'; this will then imply that
>x D @%,f, and hence, ' = ©(2). Since @%,f is non-empty,
we have, using Proposition 10, that R, N S, NV = (. This
implies that X ¢ W, because (X, >x) is a valid extension
of w. If x = 2’ then clearly, x >y 2/, This covers the cases
when X € T, and X € U, (see Proposition 10).
If X € R,NS,, then, by Proposition 10, @%/f =
{(re(X), su(X))}. Thus, (z,2") € Posp(X),sox >x o’
If X € R, \ S, then r,(X) € Besty:(X). Proposition 10
implies that z = r,(X), and thus, x >x «’. Similarly, if
X € S, \ R, then s,(X) € Worstf:(X). Proposition 10
implies that 2’ = s,(X), and thus, > x 2’. This completes
the proof that, for any ¢ € I' N L4, we have >x D ap%,f,
and hence, 7’ = ¢(2), and thus, 7’ |=* .



Now suppose that = € I', and so ¢ is non-strict and
R, = S,. We will show that 7’ |=* —¢p. Since m =* -
we have either 7 = —por V; NS, = 0. If 7 = -,
and so =2 ©*, then the fact that 7’ extends 7 implies that
= Ch=r (e.g., using Lemma 3), and thus, >=,.2 ¢*, and
therefore 7’ = —¢ and 7’ =* —p. We now thus have only
to consider the case when 7 |= ¢ and V; NS, = (). This
implies, using Lemma 27, that V; N W, = 0, and thus,
Ve CT,UU, IfX ¢ S, then VNS, = 0, and so,
' E* =p. Now assume that X € S,. This implies that
(5¢(X),r,(X)) € Negr(X). Because (X,>x) is a valid
extension of 7, we have s, (X) >x 7,(X), i.e., s,(X) >x
(X)), since s,(X) # ry(X). It cannot be the case that
7’ |= ¢, since then we would have 7/ |= ©(2) and thus, using
Lemma 15, >x 2 ¢y, which implies r,(X) >x s,(X)
using Proposition 10, contradicting s,(X) >x 7,(X). We
therefore have 7’ |= —¢, and thus, 7’ E* —¢.
= Assume now that 7’ =* I'; we will show that (X, >x)
is a valid extension of m. We have X € V — V.. Since
7' |=* T we have 7/ = ¢(2) for ¢ € T'N Lyyr, and for
—p €I either 7’ = —por VNS, =0. Forp € T' N Lygr
we then have >y O ga%,f by Lemma 15. Lemma 27
implies that if ¢ € I'N Lygr and R, N S, NV, = O then
X ¢ W,. Lemma 26 implies that there is at most one
element in Best[ (X)) and at most one element in Worstf.(X).
Also if (x,2') € Pairsp(X) then © >x 2’ and so >x
extends Pairsf(X), and thus, Pairs{(X) is acyclic. The
same lemma also implies that if z € Bestf(X) then for all
2 € X, x >x 2/, and thus, by the acyclicity of >x, x is
undominated in PairsT(X). A similar argument shows that if
x € Worstf (X) then x is not dominating in Pairs(X'). This
completes the proof that (X, > x) is a valid extension of 7. o

In summary, at each stage of the incremental algorithm we
see if there is a variable X that can be chosen next, and if
so, generate a valid extension; if not, we then have generated
a maximal ="-model 7 of I". We check consistency of I" by
determining if 7 satisfies I'. Using the fact that |PairsT(X)| <
[T, it can be shown that the overall complexity of checking
that T' (C L1, 1) is consistent is O(|V[*|T).

Checking I'-Satisfaction of Maximal |=*-Model
This section considers the following problem: Suppose that
7 E* T, where I' C L’qu. Under what conditions do we

have 7 = T7?
Proposition 15. Suppose that T' C L}, 1 and that 7 =" T.
o If o € I'N Lyqr and @ is non-strict, then w |= .
o Ifp € I'N Lygr and @ is fully strict, then 7 |= ¢ <~
R, NS, NVy #0.
o If o € I'N Lypgr and ¢ is weakly strict, then m = ¢
< (R, US,) NV #0.
o If~p € I, where ¢ is a non-strict element of L,qr with
R, =S, wehaven = —p <= Vi ZT,UU,.
Thus, m =T if and only if
o for all fully strict statements @ in I' N Lpgr, Ry, NSy N
Ve #0;

o for all weakly strict statements ¢ in I' N Lpgr, (R, U
Sp) N Ve #0;

o forall ~p € T', where @ is a non-strict element of Lpqr
with R, = S, we have Vi € T, UU,,.

Proof. First consider any ¢ € I' N £,,,r. We have that 7 =*
, which implies, by Theorem 2, that 7 = ©(2) Thus, if ¢ is
non-strict then 7 |= ¢, showing the first bullet point. We can
then use Proposition 13 to imply the second and third bullet
points.

Now consider an element of the form —¢ in I". Theorem 2
implies that either 7 = =y or V; NS, = (). Thus, if 7 = ¢
then VNS, = 0, and so V,NW,, = (), by Lemma 27, and so
VN (R, US,UW,) =0,ie., Vy CT,UU,. Conversely,
if V; € T, UU, then it follows using Proposition 12 that
= 2 ¢*, and hence 7 |= 90(2), and so, T |= ¢, since ¢ is a
non-strict statement. This proves the fourth bullet point.

The second half of the result follows from the first half. o

5 Optimality with Respect to Sets of
Compositional Preference Statements

We consider a finite set of alternatives A C V, and we as-
sume that we have elicited a set I' of preference statements;
we would like to find the optimal alternatives among A. As
we will see, there are several natural definitions of optimal
[Gelain et al., 2010; Wilson and O’Mahony, 2011]. We com-
pare some of these in this section and analyse their compu-
tational cost in the context of lex models and compositional
statements in the next section.

We define pre-order relation =1 on outcomes by « =r
B <= T E a > f, and we define equivalence relation
=rbya=rf < I E a=0,ie,if a and § are
equivalent in all models of I". Using a similar argument to
that for Theorem 1, it can be shown that, for compositional
T, we have I = a = 8 holds if and only if &« =, 3, where
m is an arbitrary maximal model of I'. We also define >r to
be the strict part of =, so that « > S if and only if a =1 8
and o« Zr [. We then say that « strictly dominates (3.

We define CSDr(A) (‘Can Strictly Dominate’) to be the
set of maximal, i.e., undominated, elements of A w.r.t. >r.
a € CSDr(A) if and only if for all 3 € A which are not
=r-equivalent to « there exists some 7 = I’ with a >, 8.

We define O (.A) to be the subset of the alternatives that
are optimal in model , ie., {a € A : VB € A a =, [}
We say that o € A is necessarily optimal in A, written
a € NOr(A), if « is optimal in every model, i.e., if for all
m € G with m = T we have a € O, (A). This holds if and
only if for all 8 € A, and for all 7 with 7 = T we have
a =T f.

We say that « is possibly optimal, written o € POr(A),
if « is optimal in some model of T, so that POr(A) =
Urer Ox(A). Similarly, we say that a € POMr(A) if
« is optimal in some maximal model of I'. Thus we have
POMr(A) = Uymasp Ox(A), where 7 =" T' means
that 7 is a maximal model of I'. « is possibly strictly optimal
in A, written o € PSOr(A), if there exists some 7 = I with



Or(A)>aandT =a=gforall 8 € O,(A). Thus ais in
PSOr(.A) if there is a model of " in which « is optimal, and
all other optimal elements are equivalent to c.

Given I' C L, we say that « is strictly optimal (within A)
with respect to 7 if a is optimal in 7 and any other optimal
element is equivalent to o, i.e., & € Or(A) and' = =
for all § € O,(A). We write SOL(A) for the set of such
elements.

For B C V, we say that B are all I'-equivalent if for all
a,8 € B,wehave I' E a = (. If O,(A) are all T-
equivalent then SOL (A) = O, (A), otherwise, SOL (A) = 0.
We always have that SOL (A) are all T-equivalent.

Let Opt{(a) be the set of models 7 of T' that make «
optimal in A, ie., {t ET : O,(A) > a}. We define a €
MPOr (A) if Opti(cv) is maximal, in the sense that there ex-
ists no 3 € A with Opt; (3) a strict superset of Opti (ar). We
say that « € MPOr(A) is maximally possibly optimal in A
given I'; this holds if and only if there is no alternative that is
optimal in the same set of lex models and more.

Fora € A let A2 ={a>p: B A}

We give some basic properties.

Lemma 28. LetT' C L be a set of preference statements, and

let ™ and ' be lex models, and let o be an element of set of
alternatives A C V. Then the following all hold.

o [f 7' extends  then O, (A) C O, (A).

e 0 €0,(A) = 1AL

e TETUAA «— 7 Opri(a)

a € POr(A) <= T UAZ% is consistent
Opt(«) is non-empty.

e TUAAEa=p8 < 0piit(B) D Opri(a).

Proof. Assume that 7’ extends 7. Consider any o € O,/ (A),
so that, for all 5 € A, a %=, . By Lemma 3, if a =,/ 3
then o =, (. Therefore, for all 8 € A, « =, B, and so
a € O (A).

We have: 7 |= AA if and only if for all 3 € A, a =, f3,
which is if and only if @ € O (A).

7 =T UAAifand only if 7 |= T and o € O (A), which
is if and only if 7 € Opt ().

a € POr(A) if and only if there exists some 7 with 7 |=T"
and a € O(A). By the second bullet point, this holds if
and only if there exists 7 with 7 |= T'U AZ, ie., I' U A%
is consistent. This is also equivalent to Opt; () being non-
empty by the third bullet point.

First suppose that T U A% |= o = f3, and consider any
7 € Opti(a). Then, 7 = I UAA, and thus, 7 = a = 3,
and so, & =, . This implies that ﬁ € Or(A) and hence,
7 € Opti ().

Conversely, suppose that Opt\(8) 2 Opti(a), and
consider any 7 such that 7 = T'U A%; we then have o 3= f3.
Then, by the third bullet point, m € Optl“f‘(a), and so,
7 € Opt{\(8), which implies that 7 = T' U AA This entails
that 8 =, «, and thus o = _W B ie, ™ = a = . We have
shown that TU AL = a = o

—

Without making assumptions about I' we have the following
properties, which follow from basic arguments, that apply in
a very general context [Wilson and O’Mahony, 2011] (for
proofs see also [0’Mahony, 2013]).

Proposition 16. Consider any A C V and T' C L.
Then, the following all hold. (i) NOr(A) U PSOr(A) C
MPOr(A) N EXTr(A), (ii)) EXTr(A) C CSDr(A) N
POr(A); (iii) MPOr(A) € POr(A); (iv) MPOr(A) N
EXTr(A) is always non-empty. (v) If NOr(A) is non-empty
then NOF(A) = MPOF(.A) = EXTr (.A) = CSDr (.A)
We can visualise these relations in the following di-
agram, where A — B represents the relation A C B.

Equal to NO, 1f NOjé 0

- Always non- empty -

) — NOrp(A EXTp(A) —— CSDr(A)| —— A\
PSOr(A) =—— MEOF(A POF

The following lemmas and pr0p051ti0ns will extend these
results by relations of POMrp(.A) and the case where I is
compositional.

Lemma 29. For any A C
PSOr(A) C POMp(A).
PSOr(A) = POMr(A).

Vand T' C L we have

If T' is compositional then

Proof. Suppose that & € PSOr(.A), so there exists 1 € G
with 7 = T, and O(A) 3 o, and ' = a = S for all
B € Ox(A). Let ’ be any maximal model of " that extends
7. Choose some §3 that is optimal in 7/, i.e., 8 € O,/ (A).
Then, using Lemma 28, 8 € O,(A), and thus, I = o = 3,
so ™ = o = 3, which implies that « € O,/ (A), and thus,
a € POMp (.A)

Assume now that T" is compositional. Let « € POMr(A),
so there exists 7 € G with 7 E"%* T and a € O,(A).
Proposition 2 implies that for all 3 € O.(A) we have
I' = o = 3, and thus, o € PSOr(A). o

Lemma 30. For any A C V and compositional T' C L, we
have MPOr(A) C POMr(A).

Proof. We will prove that (POr(A) — POMp(A)) N
MPOF(A) = (Z) Since, MPOF(A) g POF(A),
this implies that MPOr(A) < POMp(A).  Let
a € POr(A) — POMr(A). By Lemma 28, I' U A%
is consistent; we choose some maximal model 7 of I" U AX
In particular, O,(A) > a. Choose some maximal model 7

of I extending 7. Then, o ¢ O, (A), since « ¢ POMr(A).
Choose some 5 € On/(A), and thus, 5 € O(A), by
Lemma 28. This implies o =, 3, and thus, by Proposition 2,
I'UAA |= a = §. This implies that Opti*(8) 2 Optf («),
by Lemma 28. Since 7/ € Opti(3) — Opti (cx), we have that
a ¢ MPOr(A). o

A straight-forward argument implies that PSOp(A) C
MPOr(A). Lemmas 29 and 30 then imply the following.



Proposition 17. For any A C V and T' C L we have
PSOr(A) € POMr(A) NMPO¢r(A). IfT is compositional
then PSOr (A) = POMp (.A) = MPOr (.A)

Let m1,...,m; be a finite sequence of models. Define
A tobe On (A). Fori = 1,...,k we iteratively define
Ari o tobe O (Ar,  x, ,). We define the extreme el-
ements EXTr(A) as follows. o € EXTr(.A) if and only if
there exists a sequence 71, ..., 7 of models of I' such that
Ap g daandforall € Ay« T = o= . There-
fore, & € EXTr(A) if there is a sequence of lex models such
that iteratively maximising with respect to each lex model in
turn leads to a set containing « and only other alternatives
that are I'-equivalent to a.

Lemma 31. Let my,...,m be a finite sequence of models,
andletm =m0 -omy. Then, Az, . . = Ar = O0(A).

Proof. We first show that for arbitrary 7,7’ € G, O,/ (A,) =
Aronrsie, O (0x(A) = Oron (A).

Consider an element o € O,/ (O (A)); we will show that
a =roq [ for every 5 € A, showing that & € Oror(A).
We have that @ € O (A), which implies a 3= 8. If a =
then @ >0, 3, by Lemma 3. Otherwise, we have o =, f3,
which implies that 5 € O, (.A), and thus, & =, 5. Lemma 4
implies that & > o/ 8.

Conversely, assume that « € Ogon/(A). Consider any
B € O,(A). We need to show that o =, 5. We have
Q@ =pon . Lemma 3 implies that a >, 3, which im-
plies that & € O (A), and also o =, . Since & =ron S,
Lemma 4 implies « =, [3, as required.

We now prove the result by induction. It is trivial for
k = 1. Now, Ar, . . = Or (Ar, .. .x._,), Which by
the inductive hypothesis equals O, (A o...om,_, ), Which
equals Az, o...or, , by the argument above. o

The optimality class EXTr(.A) turns out also to be equiv-
alent to PSOr(A) when I is compositional.

Proposition 18. Consider any A C V and compositional
I C L. Then EXTr(A) = PSOr(A).

Proof. Proposition 16 implies EXTr(A) 2 PSOr(A). To
prove the converse, suppose that « € EXTr(A). Then
there exists a sequence 71, ..., 7T of models of I' such that
Ap oz daandforall € Ay .. Ea=p. By

Lemma 31, « € O,(A), where 7 = m o --- o 7y, and
I' =a=pforall € O(A). Since I' is compositional,
7 =T, and thus, o € PSOr(A). o

Propositions 16, 18 and 17 imply the following result, show-
ing that there are substantial simplifications of the optimality
classes when I' is compositional.

Theorem 3. Consider any A C V and compositional T" C L.

Then NOr(A) C PSOr(A) = EXTr(A) = MPOr(A) =
POMr (.A) - CSDF(A) NPOr (.A)
Proof. Proposition 17 implies that PSOr(A) =

MPOr(A) = POMr(A). Proposition 18 implies that
EXTr(A) = PSOr(A). Proposition 16 implies that
NOr(A) C EXTr(A) € CSDr(A) NPOr(A), completing

the proof. O

We can summarise the relations in the following diagram.

§) — NOp(A) = EXTp(A) —— CSDp(A

X\/

PSOp(A) —— MPOr(A) —— POr(A
Equal, for POMp(A

compositional I"

6 Computing Optimal Solutions

In this section, we analyse the efficiency of computing POr,
PSOr, CSDr and NOr theoretically and experimentally for
I' € L,r- Note, that by Theorem 3 since I' € L7, is
compositional, EXTr = MPOr = POMr = PSOF and
thus PSOr can be chosen to represent all of these classes.

Theoretical Running Times: One approach to com-
pute Q(A) for @ € {POr,PSOr,CSDr,NOr} is to
test membership for every alternative separately, i.e.,
checking if & € Q(A) for all @ € A. By the results in
Section 4.2, we can decide consistency for g statements
and n variables in O(n2g). To test if a € POr(A), we
test whether ' U {a > 8 | € A — {a}} is consis-
tent in O(n?(g + m)), where |A| = m. Similarly, we
test if « € PSOr(A) in O(n?(g + m)), by checking if
F'u{a > p | 8 € A B #r a} is consistent. To test if
a € CSDr(A), we check for all 3 € A with 8 Zr «
if T U {a > B} is consistent in O(mn?g). To test if
a € NOr(A), wetest forall 8 € A — {a}if T U{a < g}
is consistent in O(mn?g). The theoretical running times for
computing (A) for @ € {POr,PSOr,CSDr,NOr}

are summarised by the following table.
| POr,PSOr | CSDp | NOr_
Running time | O(mn?(g +m)) | O(m?n?g) | O(m?n?g)

Let Mq(m) denote the worst case running time of testing
if an outcome o € Ais in Q(A) for | A| = m and operator (2.
Then the running time to compute §2(.4) can be estimated by
O(mMgq(m)).

The work in [Wilson et al., 2015b] describes the algorithm
“IncrementalO” to compute €2(.A) for optimality operators {2
and alternatives A = {a1,..., ;) in an incremental way
by testing if «; € Q({a1,...,@;—1}) and if so computing
Q({aq,...,a;}. This algorithm may be used to compute
POr, PSOr and CSDr since all of these operators satisfy
path independence and thus are optimality operators.

Under the assumption that Mq(m) is monotonically in-
creasing in m, we can estimate the running time Mg (m)
of the algorithm described in [Wilson et al., 2015b] to com-
pute 2(m) by O(>_,_;  ,,iMa(i)) in the worst case and
O(mMgq(1)) in the best case.



The algorithm “IncrementalO” can not be applied to com-
pute NOr, since NOr does not satisfy path independence.
However, a similar incremental computation is possible. Fur-
thermore, by preprocessing the set of alternatives and includ-
ing only one representative of every equivalence class w.r.t.
I'-equivalence (in O(n?g+mn)), we get that [NOp(A")| < 1.

The incremental computation of computing Q(A) for
Q € {POr,PSOr,CSDr,NOr} results in the fol-
lowing theoretical best and worst case running times.

POr,PSOr CSDr NOr
O(mn?2g) O(mnZ2g) O(mnZg)
O(m?n%(g+m)) | O(m3n?g) O(m?nZ%g)

However, our experiments indicate no or only little im-
provement for the running times of the incremental computa-
tion compared with the previously described computation of
separate membership tests. We will thus concentrate on the
running time results for the computation of separate member-
ship tests.

Experimental Results: We implemented the methods for
computing Q(A) for Q@ € {POr,PSOr,CSDr,NOr} in
Java Version 1.8 and conducted our experiments indepen-
dently on a 2.66Ghz quad-core processor with 12GB mem-
ory. We randomly generated 10 consistent instances each,
with g € {100,...,1000} preference statements I" C E;QT
(equally divided into fully strict, weakly strict, non-strict
and negated non-strict) and n € {100,...,1000} variables
with random domain sizes 2 or 3. Here, to ensure that
I" is consistent, the values of assignments involved in I’
were chosen randomly so that mg |= T, for a given fixed
lex order g = (X1,>1)...(Xn,>n). Since the experi-
ments showed similar behavior for m = 100,...,500 al-
ternatives, we fix m = 100 in the following analysis.
In every instance, the experiments result in NOp(A4) C
POr(A) = PSOr(A) C CSDr(A) which extends the
relations from Theorem 3. Here, NOr(.A) is non-empty
more often the higher the number of preference statements
g and the lower the number of variables n is. The car-
dinality of sets POr(A),PSOr(A),CSDr(A) tends to be
higher the lower the number of preference statements g and
the higher the number of variables n is. The diagram be-
low shows mean cardinalities (over 10 instances each) of
POr(A) = PSOr(A), CSDr(A), NOr(.A) for different n
with g = 1000.

Best case
‘Worst case

(00 NOr (A) [ B8 [POr(A4) 17 |CSDr (4) |

30 -

20

10

Mean Cardinalities

0

Number of Variables

The mean running times (over 10 instances) for computing
POr(A) and PSOr(.A) are similar for each instance class.
They range from 0.11s to 16.5s, and tend to increase with n
and g. For computing CSDr(.A) they range from 2.69s to
659s and tend to increase with n but show no clear trend by
scaling g. For computing NOr(A) they range from 0.09s
to 18.8s and tend to increase with n and g. Thus, in all in-

stances PO, PSO, CSD and NO are computed efficiently. In
71% of the instance classes PO is computed faster than NO.
Although CSD can be computed efficiently too, it is clearly
computationally more expensive than PO, PSO and NO.
The following figure shows the mean running
times (over 10 instances) of computing POr(A),
CSDr(A) and NOr(A) for different n with ¢ = 1000.

[DoNOr(A4) 11 POrR(A) 11 CSDr(A) |

10?

ol ool cad cal oo ool [T

T T T T T T T T T -
100 200 300 400 500 600 700 800 900 1,000

Mean Times in s

Number of Variables

Evaluation: In practice, it is often desired to compute rela-
tively small sets of optimal solutions, e.g., not to overwhelm
a user with too many choices. Since NOr is usually empty,
computing PSOr or POr may be the best choice. This is fur-
ther supported by the analysis of computational cost. In the
experiments, computing PSOr and POr scales much better
than CSDr, with the number of statements and variables, and
is often faster than NOr-.

7 Discussion

We have developed a new approach for preference inference
based on lexicographic models, using a notion of strong com-
positionality that allows a greedy algorithm. This is shown to
be polynomial for relatively expressive preference languages.
We also examined different notions of optimality, and proved
relationships between them. Our experimental results con-
firm that the preference inference/consistency algorithm is
fast, and examined the problem of generating optimal solu-
tions, where it was found that generating the sets of possibly
optimal and possibly strictly optimal solutions were signifi-
cantly faster than generating the undominated solutions.

There are other common forms of preference statement
that are strongly compositional, and for which the greedy
algorithm will enable checking consistency. For instance, a
restriction on the allowed value orderings of each variable
is always strongly compositional. This can include, for in-
stance, highly disjunctive statements, for instance, structural
properties of the value orderings, such as being single-peaked
[Conitzer, 2009]. Certain kinds of restrictions on variable or-
derings are also strongly compositional.

More formally, regarding the value ordering restrictions,
for each variable X € V let Px be a set of total orders on
X, and let P be {Px : X € V}. We say that lex model ,
equalling (Y1,>v;), ..., (Y, >y, ), satisfies P if and only if
each >y, is in Py,. The definitions immediately imply that PP
is strongly compositional.

Lemma 6 showed that the property of being strongly com-
positional is (roughly speaking) preserved under conjunction.
Although this is far from being the case for disjunctions in
general, some disjunctive statements are strongly composi-
tional; this includes the weakly strict statements in £,,7, and
restrictions on value orderings.



A lexicographic order can also be viewed as a static vari-
able and value search ordering, for a constraint satisfaction
or optimisation problem. In a configuration problem, for
instance, we may want to generate solutions in an ordering
which fits in with what one knows about user preferences and
the structure of the problem [Junker and Mailharro, 2003].
We can thus take, as input, past user preferences between
solutions, or even partial tuples; or that all solutions of one
constraint are preferred to all those satisfying another con-
straint. There may be natural restrictions on the set of value
orderings, e.g., that there is a single peak or trough with a
numerical domain. Given such inputs, which are strongly
compositional, one can apply our approach to see if there is
a compatible lexicographic order, which can then be used to
generate solutions in a best first order.

Our approach in Section 3 was rather abstract, in that no
explicit structure on the language £ was assumed. In fact, a
closer examination of the proofs of some of the main results
suggests that these will hold more generally than for lexico-
graphic orders: essentially they just depend on basic proper-
ties of composition and extension, but not otherwise on the
structure of models. In particular, it is natural to look at the
generalisation to conditional lexicographic orders, which are
closely related to conditional preference languages [Wilson,
2009]. Tt would also be interesting to explore the potential
connection with efficient classes of planning problems.
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